Ferromagnetic-paramagnetic phase transitions in classical and quantum thin films have been studied up to 50 monolayers using effective field theory with two-site cluster approximation. Variation of the Curie temperature as a function of film thickness has been examined. The relative shift of the Curie temperature from the corresponding bulk value has been investigated in terms of the shift exponent λ. We have found that shift exponent λ clearly depends on the strength of the ferromagnetic exchange coupling of the surface. Moreover, we have not observed any significant difference between classical and quantum exponents for a particular model.
Introduction
By the development of modern and sensitive growth techniques such as ultra-high vacuum and molecular beam epitaxy, characterization and realization of thin magnetic films became experimentally accessible even in the monolayer limit which consequently led to considerable amount of interest in thin film magnetism in the last four decades, both from theoretical and experimental points of view [1, 2, 3, 4] . In contrast to the bulk magnetism, surface effects which mainly originate as a result of reduced coordination number of the surface of the material are prominent in real physical systems. The existence of surfaces simply causes a broken symmetry in the system. Therefore, magnetic properties of finite magnetic materials such as magnetic thin films may differ from those of bulk materials. As a consequence of these facts, the surface may exhibit an ordered phase even if the bulk itself is disordered which has already been experimentally observed [5, 6, 7] .
From the theoretical point of view, the models based on Ising-type spin Hamiltonians successfully explain the critical phenomena of highly anisotropic magnetic uniaxial thin films [8] by utilizing well known theoretical tools including Monte Carlo (MC) simulations [9] , mean field theory (MFT) [10] , and effective field theory (EFT) [11] . However, a vast majority of magnetic materials in nature do not exhibit such a strong uniaxial anisotropy. Hence, the theoretical investigation of magnetism in these systems require more realistic models. In this context, Heisenberg model on thin film geometry has been studied by a wide variety of methods such as renormalization group (RG) method [12] , high temperature series expansions (HTSE) [13, 14, 15, 16, 17] , density functional theory (DFT) [18] , EFT [19, 20, 21, 22, 23, 24, 25, 26, 27] , MFT [28, 29, 30] , and Green functions formalism (GFF) [31, 32, 33, 34, 35] . EFT method which is superior to conventional MFT is widely used in the literature. For instance, Neto and coworkers utilized this method to investigate classical and quantum Heisenberg thin films [19, 20, 21, 25, 26] . One of their most remarkable findings is that the Néel temperature T N of an anti-ferromagnetic (AF) quantum Heisenberg film is greater than Curie temperature T c of a ferromagnetic (FM) quantum Heisenberg film whereas in the classical case the two models (i.e. AF and FM) exhibit the same critical temperature values. In principle, in order to apply the EFT formulation for quantum and classical Heisenberg models, one should improve the standard EFT method [36] by defining the spin-spin interactions on a larger cluster which was formerly introduced by Bobák et al. [38] and known as EFT-2 formulation in the literature [39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49] .
On the other hand, theoretical and experimental investigations are also focused on the finite size shift of the critical temperature T c (L) of the film from the corresponding bulk critical temperature as a function of film thickness which is characterized by a shift exponent. More clearly, for a thin film with thickness L, it follows a power law behavior [50] for thick films
where λ is the shift exponent, and it is directly related to the bulk correlation length exponent as ν b = 1/λ [51] . High resolution MC simulations yield that for 3D Ising and Heisenberg models, the exponent values are λ = 1.588 [52] and λ = 1.419 [53] , respectively. The universality behavior of Ising thin films has been examined widely in the literature [54] . Experimentally, Bramfeld and Willis [55] reported results for nickel films and they observed a thickness dependent dimensional crossover. Fuchs et al. [56, 57] investigated the variation of magnetization as a function of film thickness for lanthanum films and extracted an exponent value λ = 0.9 which resembles a value obtained by MFT for Ising model. For ultra-thin nickel films, a shift exponent λ = 1.7 was found [58] , and also a crossover from a three-to a two-dimensional magnetic behavior was observed by Li et al. [59] . For thin iron films [60] , phenomenological finite-size scaling analysis yields an effective shift exponent λ = 3.15 which is twice as large as the value expected from the conventional finite-size scaling prediction [51] whereas for amorphous iron and aluminum films [61] λ = 1.2 were found. Furthermore, thickness dependent crossover of the exponent λ was also observed for gadolinium films in the formalism of finite size scaling [62] .
Although the topic has attracted a considerable amount of interest, the dimensionality in the thin films is not well established and the investigation of universality properties, especially for thicker films, needs particular attention [21] . Hence, in the present paper, our aim is to investigate the thickness dependent Curie temperature and its relative shift from the bulk critical point using EFT-2 formulation for ferromagnetic thin films described by classical and quantum spin models. The paper can be outlined as follows: In Sec. 2 we give a brief formulation of EFT-2 method for thin film systems. Sec. 3 is devoted to numerical results and discussions, and finally Sec. 4 contains our conclusions.
Formulation
In this work, we consider a magnetic thin film with L successive layers (see Fig. 1 ). Classical and quantum versions of the Hamiltonian describing our model can be written as
In classical model described by Eq. (2a), S i is a d− dimensional classical spin vector where d = 1, 2, 3 corresponds to Ising, classical XY, and classical Heisenberg systems, respectively. On the other hand, for the quantum model described by Eq. (2b), δ α is the anisotropy parameter, and σ α i represents the α− component of the Pauli spin operator with α = x, y, z. For δ x,y = 0 and δ z = 1, we recover Ising Hamiltonian whereas for δ x = 0 and δ y,z = 1 we have quantum XY model, and for δ x,y,z = 1, the model corresponds to isotropic quantum Heisenberg system. J i j in each Hamiltonian stands for the exchange couplings between nearest-neighbor spins. Namely, if the two spins are located at the surface region of the film then J i j = J s otherwise, we have J i j = J b (c.f. Fig. 1 ). Following the same methodology given in previous works [40] and utilizing the EFT-2 formulation [38] with Kaneyoshi-Honmura differential operator technique and decoupling approximation [36, 37] , we obtain the longitudinal components of the layer magnetizations 
with
where I n (x) is the modified Bessel function of the first kind.
For the quantum case, we have [49] 
In order to proceed further, we apply binomial expansion
in Eq. (3). After some mathematical manipulations, we obtain
where
with 
By solving Eqs. (8) and (9) numerically using the identity exp[(
for any given set of system parameters, and using them in Eq. (7), we obtain a system of non linear equations which contains the polynomial forms of layer magnetizations. The longitudinal magnetization M i of each layer can be obtained from numerical solution of Eq. (7).
On the other hand, in order to obtain the transition temperature of a film with a particular thickness L and given system parameters, one should linearize Eq. (7), hence we obtain
where 2 ≤ ν ≤ L − 1. Using Eq. (10), the transition temperature can be numerically evaluated by solving det(A) = 0 where A is the coefficient matrix of the linearized equations in Eq. (10) . From many possible solutions of the condition det(A) = 0, we have to choose the highest possible one corresponding to the transition temperature of the system.
Results and discussion
In order to provide a testing ground for our calculations, the typical phase diagrams of classical and quantum XY films in a (T c /J b − J s /J b ) plane are plotted in Fig. 2 which exhibit a phenomenon peculiar to magnetic thin films. Namely, in a system with a surface, the phase diagrams corresponding to different film thickness L intersect each other at a special point which can be denoted by (
where T c (∞)/J b is the reduced transition temperature of the corresponding bulk system (i.e. simple cubic lattice in this case) and J * s /J b is the critical value of the surface to bulk ratio of exchange interactions of the film. For classical and quantum XY thin films, the locations of the special points are (5.034, 1.321) and (4.980, 1.332), respectively which was previously reported in Ref. [20] . Based on Fig.  2 , it is a well known fact that the thicker films have higher critical values for J s /J b < J * s /J b corresponding to the ordinary case while for extraordinary case which is characterized by J s /J b > J * s /J b , the thicker films exhibit lower transition temperatures than the thinner ones.
For the investigation of the thickness dependent Curie temperature and its relative shift from the bulk value, the exponent λ can be extracted from numerical data by plotting ε versus L curves for sufficiently thick films in a loglog scale then fitting the resultant curve using the standard linear regression method. In order to precisely cover the critical region, the obtained data have been fitted for those providing the condition 0.001 ≤ ε ≤ 0.01 which generally requires to consider the transition temperatures of the films with L > 20 in fitting procedure. The illustrative results are demonstrated in Fig. 3 with J s /J b = 1.0 and up to L = 50 mono-layers for classical and quantum Heisenberg thin films, respectively. Our calculations yield the exponent values λ = 1.909 and λ = 1.907 for the classical and quantum Heisenberg thin films, respectively. The results are also summarized in Table-1 for several thin film models and in the presence of modified surfaces.
According to Table-1, our results show the trend λ(I) > λ(XY) > λ(H) which agrees well with those obtained by HTSE calculations [15] and MFT predictions [29] . It is also clear that for the Ising thin films, the obtained values using EFT-2 are clearly greater than those obtained by EFT-1 formulation [54] . Apart from these, one can conclude from Table-1 that the presence of modified surface exchange interactions clearly affect the value of the exponent λ. Namely, for the weak surface couplings such as J s /J b = 0.5, quantum exponents are barely larger than the classical exponents whereas in the presence of a moderate surface coupling such as J s /J b = 1.0, an opposite scenario takes place. Moreover, it seems like a dimensional crossover may take place as J s /J b varies. In other words, the exponent value λ is very close to the bulk value for small J s /J b . This behavior can be attributed to three-dimensional character of the film, since ν b = 1/λ = 0.5 [51] whereas for greater values of J s /J b , the system tends to reveal a two dimensional character even for thicker films. It is also worth to note that our exponent values for the Heisenberg thin films agree well with those obtained using GFF [35] in which λ(H) = 2.0 was predicted. However, HTSE [15, 16, 17] and MFT [29] yields rather small exponents in comparison to EFT-2 results which may be due to the fact that the thickness of the films considered in these works lacks to provide the condition 0.001 ≤ ε ≤ 0.01. 
Conclusions
In this work, by utilizing EFT-2 method, we have examined the phase diagrams and universality properties of ferromagnetic classical and quantum thin films described by Ising, XY and Heisenberg models. Analysis for the thickness dependent Curie temperature and its relative shift from the bulk value reveals that the value of the shift exponent λ clearly depends on the strength of the ferromagnetic exchange coupling of the surface. In case of Ising thin films, the obtained values of λ using EFT-2 are found to be clearly larger than those obtained by EFT-1 formulation. Both in the classical and quantum pictures, the trend λ(I) > λ(XY) > λ(H) agrees well with those obtained by other methods in the literature. However, although the critical properties such as bulk transition temperature T c (∞) differ apparently between classical and quantum formulations, we have not observed any significant difference between classical and quantum exponents for a particular model (i.e. XY or Heisenberg). 
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